In time series analysis, autoregresswe (AR) models in the form:

Vi =i 9iYij + a (1)
Traditionally uses estimation methods such as Ordinary Least
Squares (OLS) and Yule-Walker (YW), which rely on the assumption of
normally distributed innovations (a;). This theoretical assumption
may not hold true Iin empirical reality. In diverse real-world
applications, time series data can exhibit severe skewness, heavy

tails, and structural outliers resulting In significantly biased and
statistically inefficient estimates.

Several robust alternatives have been used in other statistical models
such as M-estimators; however, their performance in time-series
models with innovations following skewed distribution was not
evaluated. Unlike other robust estimators, the Modified Maximum
Likelihood (MML) method builds on the correct assumption of the
Innovation distribution and utilizes ordered statistics and Taylor series
expansions to offers a robust, computationally tractable alternative.
This project extends the application of MML estimators to AR models
(with generalization to high order AR(q) models) under right-skewed
distributed innovations.

Skewed Distributions We discuss the scenarios where the
iInnovations a; in equation (1) violates normality and follows skewed
distributions: (1) Inverse Gamma (2) Log-Normal (Figure 1)

Density of Inverse Gamma Distribution
Varying shape parameter (k) with scale o = 1

|

Density of Log-Normal Distribution
Varying log-standard deviation (z) with log-mean (u) =0

10

k value o value

=15

0.00 J

0 2 4 i 8

0

0.0 0.5 1.0 1.5
X

Figure 1. Density function of the Inverse gamma distribution (left) and Log-Normal distribution
(right), under different shape and scale parameters.

MML Method: We generalized MML method to these distributions
through the following steps: (1) Driving The Likelihood Functions, (2)
Using Ordered Statistics, (3) Taylor series expansion (4) Deriving and
Maximizing The "Modified" Likelihood Function. We compared MML
method to traditional estimators: OLS and , as well as robust
estimators: -estimators, -estimators and Least Absolute
Deviation Estimators (LAD).

Simulation Settings: The settings in our study are summarized In
Table 1.

Table 1. Simulations settings for Inverse Gamma and Log-Normal distributed innovations

Sample size (n) 30, 100, 1000 30, 100, 1000

Autoregressive Parameters (¢ ) : ¢ = 0.5, : 1 = 0.6,90, = —0.2, :¢p = —0.5, =0, S3:¢9 =0.1,
: 1 =0.9,¢p, = —0.5,¢3 = 0.2 :¢p = 0.5, : ¢ =0.9

Distribution specific parameters Shape parameter £ =3,5,10 Scale Parameterg = 0.5,1,1.5
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Figure 2. Bias and Mean Squared Error (MSE) results for (A) Inverse Gamma and (B) Log-Normal
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MML method shows superior performance in most of the settings
compared to both traditional estimators and robust estimators.

Traditional estimators (OLS and YW) are not reliable and should
not be used in with skewed innovations, especially in low and
moderate sample sizes. Increasing the sample size (= 1000) can
be a remedy for their disadvantage.

Inverse Gamma Innovations: MML method didn’t only
outperformed other estimators but also was the only unbiased and
efficient across all simulation settings. Traditional estimators were
biased in low and moderate sample sizes. Robust estimators were
unbiased; however, they were not efficient in small sample sizes.

Log-Normal Innovations: In most scenarios MML outperformed all
other estimators. However, when the scale parameter is large (o >
1), MM-estimator outperformed all other estimators, and MML was
biased for small sample sizes. In 12 of 15 scenarios, MML method
performance was better than traditional estimators.

Table 2. Best performing estimator in different simulation settings as measured by
Bias and Mean Squared Error

(A) Inverse Gamma Distribution

Scenario S1:¢9 =05 S2: ¢p; = 0.6,¢p, = —0.2 S3:¢p; =09,¢p, = —0.5,¢3; = —0.5
n 30 100 1000 30 100 1000 30 100 1000

k = 3

k =5 MML

k = 10

(B) Log-Normal Distribution

Scenario S1:¢p = —0.5 S2:¢p =0 S3:¢ =0.1 S4:¢p = 0.5 S5:¢ =09
n 30 100 1000 30 100 1000 30 100 1000 30 100 1000 30 100 1000
o= 05 MML
o=1 MM
o =15

Conclusion/Future Work

In AR(g) models with skewed innovations, MML iIs superior to
conventional and robust estimators across all Inverse gamma
Innovation settings and most Log-normal innovation settings.
MM-estimators performed better in Log-normal innovations with
large scale parameter (more skewness).

Conventional estimators were biased and shouldn’t be used with
small and moderate sample sizes.

Our ultimate goal is to apply our estimators to estimate time
series from environmental data
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Figure 3. Distribution of Freezing Days in New Orleans, LA and AR(1) model Innovations
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